We monitor the correlated quench induced dynamical dressing of a spinor impurity repulsively interacting with a Bose-Einstein condensate. Inspecting the temporal evolution of the structure factor three distinct dynamical regions arise upon increasing the interspecies interaction. These regions are found to be related to the segregated nature of the impurity. It is shown that the impurity dynamics can be described by an effective potential that deforms from a harmonic to a double-well one when crossing the miscibility-immiscibility threshold. In particular, for miscible components the polaron formation is imprinted on the spectral response of the system. We further illustrate that for increasing interaction an orthogonality catastrophe occurs and the polaron picture breaks down. Then a dissipative motion of the impurity takes place leading to a transfer of energy to its environment. This process signals the presence of entanglement in the many-body system.
Introduction.-A valuable asset of ultracold atoms is the opportunity to track the real time dynamics of quantum many-body (MB) systems such as multi-component quantum gases composed of different atomic species [1] or different hyperfine states of the same species [2, 3] . In particular, the realization of highly population imbalanced atomic gases with tunable interactions [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] has already led to fundamentally new insights regarding Fermi [1, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and very recently Bose polarons [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . In this latter context the observation of coherent attractive and repulsive quasiparticles [38] , even in the strongly interacting regime [39] , refuelled the scientific interest towards understanding their underlying dynamics.
Most of the theoretical studies regarding Bose polarons have been mainly focused on a mean-field [40] [41] [42] [43] description and on the Fröhlich model [44] [45] [46] [47] [48] [49] . Only very recently theories going beyond the Fröhlich paradigm [50] [51] [52] [53] [54] [55] and including higher-order correlations [56, 57] have been developed thereby allowing for the investigation of Bose polarons also in the intermediate and strong interaction regime. However, current experiments realized both in one [29] [30] [31] and three dimensions [38, 39] probed the out-of-equilibrium dynamics of Bose polarons and necessitated the presence of higher-order correlations for an adequate description of the observed dynamics. Thus the interplay of higher-order correlations during the outof-equilibrium dynamics of bosonic impurities immersed in a Bose-Einstein condensate (BEC) is a key ingredient for advancing our understanding of the dynamics of such MB systems. On the theoretical side corresponding efforts concerning the nonequilibrium dynamics of Bose polarons [58] [59] [60] [61] [62] [63] are quite recent and remarkably only few of them include quantum fluctuations [63] [64] [65] .
In this Letter, motivated by current experiments [29, 38, 39, 66, 67] we explore the interaction quench dynamics of a spinor impurity coupled to a BEC. Focusing on repulsively interacting multi-component bosonic systems in a one-dimensional (1D) harmonic trap, we showcase the dynamical dressing of the impurity when all particle correlations are taken into account. Three distinct dynamical regions with respect to the interspecies interaction strength are identified and captured by the structure factor which is the spin polarization (contrast) of the impurity [68] . These regions are shown to be related to the miscible and immiscible character of the system. Their extent can be manipulated by adjusting the intraspecies repulsion of the BEC alias bath or by changing its particle number thereby addressing the few to many-body crossover. This tunability is of significant importance since it leads to a longevity of the polaron and thus facilitates the control of quasiparticles. One of our key results consists of the interpretation of the Bose polaron dynamics in terms of an effective potential. The latter is found to be an adequate approximation in the weakly interacting case assuming the Thomas-Fermi approximation for the bath and generalizes the results of [6] . We demonstrate that deep in the immiscible phase, where entanglement is strong, the Bose polaron ceases to exist due to the orthogonality catastrophe [70, 71] . In this strong interaction regime a dissipative motion of the impurity is observed accompanied by the population of several lowerlying excited states of the effective potential. The latter involves now the single-particle density of the MB bath and provides only a very approximate picture of the impurity dynamics since entanglement is significant. This mechanism of dissipation in turn leads to a transfer of energy from the impurity to its environment also leading to a substantial entanglement in the system.
Model.-We consider a system consisting of a single impurity of mass m I having an additional spin-1/2 degree of freedom. The impurity is in the superposition |Ψ S = α |↑ + β |↓ , with α, β denoting the different 
Here,Ĥ
is the Hamiltonian describing the motion of the BEC that serves as a bath for the impurity atom.
(a = {↑, ↓}) is the corresponding Hamiltonian for the impurity atom. In both casesΨ i (x) is the bosonic field-operator of either the majority (i = B) or the impurity (i = a) atoms. We focus on the case of equal masses m B = m I = m [38] .
accounts for the contact intraspecies interaction of strength g BB > 0 in the BEC component.
denotes the interaction between the bath and the part of the impurity being in the spin-↑ state, characterized by an effective strength g BI > 0, while having a noninteracting spin-↓ component. Similar setups have been used in the context of Fermionic impurities mostly focusing on the attractive side of interactions [72] [73] [74] [75] [76] . The multi-component system is initially prepared in its ground state configuration for fixed g BB and g BI = 0.
We note that our following results remain valid also for the case of weak interspecies interactions. Such an initial state preparation is experimentally realizable by means of radiofrequency spectroscopy [38, 39, 52, 67, 77] and Ramsey interferometry following Ref. [67] .
To derive the nonequilibrium dynamics of the spinor impurity, we use a variational method, namely the MultiLayer Multi-Configuration Time-Dependent Hartree method for atomic mixtures (ML-MCTDHX), that takes into account all the important particle correlations [78, 79] . Our starting point is the ground state, |Ψ 0 BI , obeying the eigenvalue equation Ĥ −Ĥ BI |Ψ 0 BI = E 0 |Ψ 0 BI , with E 0 denoting the corresponding eigenenergy. We then abruptly switch on at t = 0 the interspecies repulsion g BI , and let the system evolve dynamically. The resulting MB wavefunction following the quench reads
Results and Discussion.-To investigate the nonequilibrium dynamics of the spinor impurity we first consider the case where the impurity is in an equal superposition namely
, and determine the time-evolution of the total spin polarization
is the spin operator in the ith-direction (i = x, y, z) and σ i ab are the Pauli matrices. This quantity is directly related to the so-called Ramsey response [67] , namely the structure factor which is the time-dependent overlap between the interacting and the noninteracting states
iφ , with atanφ = Ŝ x / Ŝ y , and the Hamiltonian,Ĥ, after the quench, when the impurity is dressed, is given by Eq. (1).
Figures 1(a), 1(b) and 1(c) illustrate the evolution of the structure factor |S(t)| (contrast) upon increasing the interspecies repulsion g BI for different g BB interactions and also for smaller system sizes. In all cases, three distinct dynamical regions can be inferred namely R I , R II and R III which e.g. for g BB = 0.5 correspond to 0 ≤ g . For larger evolution times |S(t)| performs oscillations that become more pronounced upon increasing g BI within R I and R II . In contrast entering R III |S(t)| exhibits an exponential decay in time indicating the orthogonality catastrophe. Comparing the temporal evolution of |S(t)| for g BB = 0.2 [ Fig. 1(a) ] to the one for g BB = 0.5 [ Fig. 1(b) ] we ob- serve that the extent of the above-mentioned dynamical regions (R I , R II , R III ) can be manipulated by adjusting g BB . In particular, for larger g BB an enhanced region of finite contrast that enters deeper into the regime of repulsive interspecies interactions can be achieved. This behavior is supported upon decreasing the number of bath particles to N B = 10 [ Fig. 1 (c) ]. In the latter few-body scenario coherent oscillations of |S(t)| are observed [see Fig. 1 (c) for 0.8 < g BI < 1.8] leading to a smoothly decreasing contrast as g BI increases [81] . The aforementioned dynamics takes equally place when the initial superposition state of the spinor impurity involves different weights for each spinor component. This fact can be understood by analytically calculating | Ŝ (t) | α,β when considering different weights α and β. Indeed,
where |S(t)| stems from the case α = β = 1/ √ 2. As expected the energy spectrum of the impurity is changed upon applying an interaction quench [76] . To quantify this we determine the Fourier transform of S(t). At low impurity densities and weak interspecies interactions S(t) is known to be proportional to the so-called spectral function of quasiparticles 67, 68, 76, 82] . The observed peak at small g BI located at ω = 4.435 corresponds to the long-time evolution of a well-defined repulsive Bose polaron. In R II two dominant peaks are imprinted in A(ω f ) centered at ω 1 = 8.482 and ω 2 = 8.859 respectively. These two peaks correspond to a welldefined quasiparticle dressed, for higher frequencies, by higher-order excitations of the BEC. Figures 2(a) , 2(c) depict the evolution of the impurity's one-body density, ρ
, for small and intermediate values of g BI . The observed out-of-equilibrium dynamics of the spinor impurity in both regions R I and R II can be well-approximated by the dynamics in an effective potential. The latter is obtained by considering the bosonic bath as a static potential superimposed to the external harmonic trapping of the impurity, namely
where ρ
B (x) is the single-particle density of the BEC at t = 0. It is important to stress that V ef f does not take into account the renormalization of the quasiparticle's zero-point energy occuring due to its dressing by the bath [64] . This deficit, however, shifts the eigenspectrum of the impurity in a homogeneous manner and consequently does not affect its dynamics. For small g BI and fixed g BB the Thomas-Fermi approximation, i.e. ρ Contrary to this an increase of g BI such that g BI > g BB changes this effective potential picture. In this case the system enters the immiscible regime and the initial state involves higher-order excitations in the effective potential due to the stronger interaction of the impurity with the bosonic bath [ Fig. 2(c) ]. For these intermediate g BI interactions the impurity density develops a two-hump structure being pushed towards the boundaries of the bath and favoring a phase-separated state with the BEC which resides around the trap center (see the discussion below). It is for these intermediate values, indicating a miscible to an immiscible phase transition, that V ef f (x) begins to deform into a double-well potential [ Fig. 2(d) ]. The impurity state corresponds then to the ground or the first excited state of this effective potential. A further increase of g BI , thus entering deeper to the immiscible regime, leads to the appearance of three dominant peaks in the impurity's excitation spectrum. These peaks are centered at ω 3 = 16.15, ω 4 = 17.15, and ω 5 = 17.97 respectively [ Fig. 1(d) ], and correspond to even higher excited states of the quasiparticle. The relevant dynamical evolution of the impurity [ Fig. 2(e) ] showcases the deformation of its one-body density, with these higher excited states occupying the third up to sixth excited state of V ef f [ Fig. 2(f) ]. Entering deeper into the immiscible phase [ Fig. 1(b) ] results to a fast decay of the contrast at short time scales. Consequently there is no clear polaronic signature in the relevant excitation spectrum but rather a multitude of states are occupied in this effective double-well picture. This behavior is caused by the dissipative motion of the impurity leading to a partial transfer of its energy to the bath as we shall argue below. To deepen our understanding of the dynamics of the spinor impurity we next examine the degree of miscibility between the spin components captured by the overlap integral
Here, e.g. the one-body density of the spin-↓ is ρ
↑↓ (t) takes values within the interval [0, 1] with zero (unity) denoting the phase immiscible (miscible) spin components. Evidently, the three distinct dynamical regions captured by |S(t)| leave their fingerprints in the evolution of Λ ↑↓ (t)
[ Fig. 3(a) ]. Note here that ρ
↑ (x, 0) and therefore Λ ↑↓ (t) is directly related to the contrast [see here Fig. 1(b) ]. Indeed, within R I the spin components are maximally miscible while within R II they oscillate between miscibility and immiscibility. Finally when the orthogonality catastrophe takes place in R III they become immiscible. This spin segregation, in R III , is manifested in the spatio-temporal evolution of ρ Fig. 3(b) ] [83] . As it can be seen ρ (1) ↑ (x, t) breaks into two density fragments that perform damped oscillations symmetrically placed around the edges of the Thomas Fermi radius of the bath. These damped oscillations essentially indicate that the spin-↑ impurity is initially in a highly excited state of V ef f (x) [see the inset of Fig. 3(b 
↑ (x, t) depicted in the inset of Fig. 3(b) is obtained from the correlated MB calculation while the interpretation in terms of V ef f provides a very approximate picture of the impurity dynamics for these strong interactions. The latter behavior implies a transfer of energy from the impurity to the BEC environment [ Fig. 3(c) ] which is, of course, beyond the single-particle dynamics provided via V ef f . This energy transfer possesses contributions of different magnitude from each term of the above-mentioned superposition leading to different excitations of the BEC and hence it constitutes a manifestation of the entanglement present in the MB system. Notice that since the kinetic energy of the impurity increases in the course of the time-evolution also an increase of its non-interacting energy, aĤ 0 a , is observed. Contrary to this excess of energy, a decrease of the interaction energy Ĥ BI occurs since the impurity is expelled to the edges of the BEC namely to regions where ρ Conclusions.-The correlated quench-induced dynamics of a trapped spinor impurity repulsively interacting with a Bose-Einstein condensate has been investigated. Inspecting the evolution of the spin polarization reveals three distinct dynamical regions with respect to the interspecies interaction strength. These regions are inherently related to the segregated nature of the multi-component system and can be tuned by changing the intraspecies repulsion of the BEC or its particle number thereby addressing the few to many-body crossover. Within these three regions the birth, dynamical deformation and death (orthogonality catastrophe) of the Bose polaron are unraveled. To interpret the impurity dynamics, an effective potential is derived being an adequate approximation especially for weak interspecies repulsions. For strong interspecies repulsion the system is strongly entangled and the impurity's motion becomes dissipative transferring a part of its energy to the BEC environment while being pushed to the edges of the BEC. Our results pave the way for manipulating the quasiparticle dynamics and can straightforwardly be generalized to more than a single spinor impurity. This way also induced interactions can be more systematically examined, an interesting perspective for future endeavors. 
Supplemental Material: Quench Dynamics and Orthogonality Catastrophe of Bose Polarons

BREATHING DYNAMICS OF THE IMPURITY WITHIN THE EFFECTIVE POTENTIAL APPROACH
To demonstrate the applicability of our effective potential approach given in Eq. (3) in the main text we investigate the breathing dynamics of the single impurity immersed in the bosonic bath. In order to capture the breathing dynamics [S2-S5] in all three dynamical regions (R I , R II and R III ) we consider a quench of the harmonic trapping frequency ω I . Such a process aims at dynamically exciting the corresponding breathing mode of the impurity [S1] .
In particular, we initialize the multi-component system in its ground state for g BB = 0.5 and a chosen g BI with harmonic oscillator frequencies ω B = 1 and ω I = 0.95. To trigger the dynamics we suddenly change at t = 0 the value of ω I from 0.95 to 1.0, thus inducing a collective breathing mode. Measuring the center-off-mass motion [S2-S4] of the impurity we obtain its breathing frequency ω br I for a specific g BI . Figure S1 shows ω br I for varying g BI . As it can be seen, ω br I decreases within region R I reaches a critical point around g BI ≈ 0.5 and thereafter it increases within region R II and finally saturates close to ω br I ≈ 3 for g BI > 2. We remark here that operating in the mean-field approximation, a similar behavior of ω br I within the miscible phase (R I region in our case) but for a larger number of impurity particles has been reported in [S6] .
Let us first compare the result of ω br I obtained via the many-body (MB) simulations with the effective model described in the main text. By employing also the Thomas-Fermi approximation the breathing frequency of the impurity reads ω br = 2ω B [see the red dotted line in Fig. S1 ] whereω
Recall that this effective picture is valid only for weak (miscible) interactions namely when g BB ≪ g BI . We indeed observe that for these interactions the effective potential predicts the correct breathing frequency except for the region g BI ≈ g BB = 0.5.
To extend our analysis to the immiscible regime of interactions where the Thomas-Fermi approximation is not valid we next consider the general form of the effective potential V ef f (x) = 1/2mω
B (x) introduced in Eq. (3) of the main text. Note that this V ef f (x) does not incorporate the Thomas-Fermi approximation. Also, ρ B (x) is the numerically exact ground state density of the bath for g BI = 0 and g BB = 0.5. To test the accuracy of our effective potential we examine the breathing dynamics of a single particle trapped in V ef f (x). As before we prepare the impurity in the ground state of V ef f (x) with ω I = 0.95 and a specific g BI and induce the breathing dynamics by quenching the frequency to 1.0. The resulting breathing frequency calculated via the center-of-mass motion is also presented in Fig. S1 (see the yellow dashed line) on top of the MB calculation (solid blue line). Evidently the singleparticle picture obtained within our effective potential provides an adequate approximation of the full MB result especially for 0 < g BI < 1. Deviations between the effective model and the MB calculations are of the order of 8% for g BI ≈ 2.5, while they become significant for even larger g BI . For these strong interactions the entanglement becomes strong rendering the efffective potential an insufficient approach for describing the impurity dynamics.
THE MANY-BODY COMPUTATIONAL APPROACH: ML-MCTDHX
To simulate the MB quantum dynamics of the composite system discussed in the main text we utilize the MultiLayer Multi-Configuration Time-Dependent Hartree method for Atomic Mixtures [S7] (ML-MCTDHX). ML-MCTDHX [S7-S9] is a ab-initio variational method for solving the time-dependent MB Schrödinger equation of atomic mixtures consisting either of bosonic [S11-S13] or fermionic [S15-S17] species. Within this approach the total MB wavefunction is expanded in terms of a timedependent and variationally optimized basis, enabling us to capture the important correlation effects by using a computationally feasible basis size. In this way the system relevant subspace of the Hilbert space is spanned in an efficient manner at each time instant using a reduced number of basis states when compared to expansions relying on a time-independent basis. Most importantly, its multi-layer structure allows for tailoring the MB wavefunction ansatz to account for both intra-and interspecies correlations when simulating the dynamics of composite systems. Due to the above ML-MCTDHX constitutes a versatile tool for simulating the dynamics of multispecies systems.
Here, we employ ML-MCTDHX in order to study the quench-induced correlated dynamics of a particle imbalanced bosonic mixture. The mixture consists of a majority species being referred to as bath (B) in the following and a minority species which we shall call impurity (I) below. Most importantly, the minority atoms possess an additional spin-1/2 degree of freedom. To account for inter-and intraspecies correlations, the MB wavefunction (|Ψ(t) ) is firstly expressed as a linear combination of M time-dependent species wavefunctions (|Ψ σ i (t) ) for each of the σ = B, I species
Here A ij (t) refer to the corresponding time-dependent expansion coefficients. We remark that Eq. (S1) is connected to the truncated Schmidt decomposition of rank M [S10-S12] via a unitary transformation, with the eigenvalues of A ij (t) being the well-known Schmidt weights, λ i (t). Following this unitary transformation, U , we obtain
Then the MB wavefunction is expressed in terms of different interspecies modes of entanglement taking the form
being referred to as the k-th mode of entanglement.
Next each species wavefunction is expanded on the time-dependent number-state basis, | n(t) σ , as
where B σ i; n (t) refer to the time-dependent coefficients. Each | n(t) σ corresponds to a permanent of the m σ timedependent variationally optimized single-particle functions (SPFs) denoted by |φ σ l (t) , l = 1, 2, . . . , m σ with occupation numbers n = (n 1 , . . . , n m σ ). The SPFs are subsequently expanded within a time-independent primitive basis. For the majority species this primitive basis {|k } consists of an M dimensional discrete variable representation (DVR). Regarding the impurity the primitive basis {|k, s } corresponds to the tensor product of the DVR basis for the spatial degrees of freedom and the two-dimensional spin-1/2 basis {|↑ , |↓ }. In this way
where C I jkα (t) are time-dependent expansion coefficients. We remark that each SPF for the impurity atoms is a spinor wavefunction |φ
(for more details see also [S15] ). To obtain the time-evolution of the (N B + N I )-body wavefunction |Ψ(t) under the influence of the HamiltonianĤ [see Eq. (1) in the main text] we determine the equations of motion [S7] for the coefficients A n (t), B Moreover it is capable of operating within the species mean-field (SMF) approximation [S7, S8, S11-S13] in which the entanglement between the species is neglected but intraspecies correlations are taken into account. In particular, in this latter case the N σ -body state of each species is described by only one species function (|Ψ B i (t) = |Ψ I i (t) = 0 for i = 1) building upon distinct single-particle functions φ B j (t) and φ I k (t) with j = 1, 2, . . . , m B and k = 1, 2, . . . , m I respectively. Accordingly the total wavefunction of the system becomes |Ψ(t) = |Ψ B 1 (t) ⊗ |Ψ I 1 (t) . Within our implementation a sine discrete variable representation (sine-DVR) has been used as the primitive basis for the spatial part of the SPFs including M = 450 grid points. The sine-DVR intrinsically introduces hardwall boundaries at both edges of the numerical grid being in our case x ± = ±40. We have ensured that the location of these boundary conditions does not affect our results since we do not observe appreciable densities to occur beyond x ± = ±25. To obtain the eigenstates of the MB system we rely on the so-called improved relaxation method [S7, S8] within ML-MCTDHX. To track the dynamics of the composite bosonic system we propagate in time the wavefunction [Eq. (S1)] by employing the appropriate Hamiltonian within the ML-MCTDHX equations of motion.
To conclude upon the reliability of our results, we increase the number of species functions M , SPFs m B and m I , and grid points M, thus observing a systematic convergence of all the observables of interest, e.g. S(t) and Λ BI (t). The Hilbert space truncation, i.e. the order of the used approximation, is designated by the considered orbital configuration space C = (M ; m B ; m I ). Convergence here means that for an increasing orbital configuration C the observables become almost insensitive within a given relative accuracy which is in our case 10 −2 . We remark that all MB calculations presented in the main text refer to the configuration C = (8; 3; 8).
FRAGMENTATION
The spectral representation of the reduced σ species one-body density matrix [S22] reads
where ϕ Here we consider the natural orbitals to be normalized to unity i.e. dx |ϕ σ α (x)| 2 = 1. Indeed, for only one macroscopically occupied orbital the system is said to be condensed, otherwise it is termed fragmented. It can be shown that for n σ 1 (t) = 1, n σ i =1 (t) = 0 the first natural orbital √ N σ ϕ σ 1 (x σ ; t) reduces to the MF wavefunction ϕ σ (x σ ; t). Therefore, 1 − n σ 1 (t) offers a measure of the degree of the σ species fragmentation [S23, S24] .
Finally let us remark that by employing the Schmidt decomposition of Eq. (S1) and the fact that N I = 1 the one-body density matrix of the impurity reads
Thus comparing Eq. (S4) with Eq. (S5) we can easily deduce that n I k (t) = λ k (t) for every k.
MANIFESTATION OF ENTANGLEMENT IN THE DEGREE OF MISCIBILITY
Let us now elaborate on the relation between the degree of miscibility and the entanglement occurring among the bath and the spinor impurity. As already discussed in the main text in order to expose the degree of phase separation, namely the degree of miscibility or immiscibility, between the bath and the spinor impurity we invoke the overlap integral function [S25, S26] which reads
I (x; t)
.(S6)
In this expression, ρ
σ (x; t) denotes the one-body density of the σ = B, I species. This function is normalized to unity taking values between Λ = 0 and Λ = 1 that signify complete or zero spatial overlap respectively on the single-particle level. Moreover according to our MB wavefunction expansion [see Eq. (S1)], the one-body density of the σ species, ρ (1) σ (x; t), can be expressed with respect to different entanglement modes [S11, S12] as
Here ρ
k is the one-body density of the k-th species function.Ψ † σ (x) [Ψ σ (x)] denotes the bosonic field operator that creates (annihilates) a σ species boson at position x. Moreover, λ k (t) refer to the corresponding Schmidt coefficients of the truncated Schmidt decomposition [see also Eq. (S1)]. We remark that the λ k 's in decreasing order are known as natural species populations of the k-th species wavefunction |Ψ σ k (t) of the σ-species. In turn, they represent a measure of the entanglement or interspecies correlations between the bath and the impurity. In particular, the system is said to be entangled [S11, S12, S14] when at least two different λ k 's are nonzero. Recall that in this latter case the total MB state [Eq. (S1)] cannot be expressed as a direct product of two species states.
To proceed we define the general overlap integral between the one-body densities of different species wavefunctions corresponding to distinct modes of entanglement (i = j) and species (σ = σ ′ ) as
Note that within the MF as well as the SMF approximations ρ 
Of course in this most general case where a full MB description is considered and entanglement is strong, namely more than one species wavefunctions are significantly occupied, the relation of Λ BI (t) with the Schmidt coefficients λ i where i = 1, 2, . . . , M is complicated. To get a better insight of the aforementioned relation let us consider the following limiting cases. Within the MF and SMF approximations where entanglement between the bath and the impurity is absent (see also our discussion above) it can be easily shown that Λ BI (t) becomes
as there is only a single (and hence dominant) mode in the corresponding Schmidt decomposition. Moreover when considering the weakly entangled case where λ 1 ≈ 1 and λ j ≪ 1 with j = 2, 3, . . . , M the overlap integral can be written with respect to the higher-order Schmidt coefficients as
We remark here that this weakly entangled case is actually realistic in a MB treatment only within the miscible phase since immiscible species are strongly entangled. It becomes evident that in this weakly entangled case the major contribution of Λ BI (t) stems from the dominant mode described by λ 1 and being encrypted in Λ 0 (t). However, there are small additional contributions to Λ BI (t) being of the order of λ j /λ 1 . These latter contributions originate from the overlap between the onebody densities of the first [ρ 
GENERATION OF ENTANGLEMENT AND FRAGMENTATION VERSUS THE DEGREE OF MISCIBILITY
To complete the physical picture we next focus on the dynamics between the impurity and the bath. For this purpose we employ the overlap integral Λ B↑ (t) [ Fig. S2(a) ] between the single-particle densities of the bath and the spin-↑. As dictated by Λ B↑ (t) within R I the impurity is partially miscible with the BEC while it is well separated within R III . The link between |S(t)| and Λ B↑ (t) is of significant importance not only due to the experimental relevance of both quantities but most importantly because Λ B↑ (t) can be expressed in terms of the Schmidt coefficients, λ i , see also Eqs. (S9) and (S11). For instance in the weakly entangled case where λ 1 ≈ 1 and λ j ≪ 1
with Λ 0 (t) being the overlap integral accounting only for the contribution of the first Schmidt coefficient λ 1 . Therefore Λ B↑ (t) can be used as a measure to probe the generation of entanglement in the MB system. However to directly visualize the degree of entanglement during the dynamics we employ the von-Neumann entropy, S V N BI (t) = − i λ i (t) log λ i (t) [S27] . The temporal evolution of S V N BI (t) [ Fig. S2(b) ] shows that the dressed impurity is entangled with the BEC within the regions R I and R II . Most importantly the system becomes strongly entangled within R III , where the polaron ceases to exist, showcasing a plateau of S V N BI (t > 15) ≈ 1.2 for fixed g BB = 0.5 and for all g BI 1.
65. This result is in turn related to the fragmented nature of the system [Figs. S2(c), S2(d) ]. The latter is captured by the deviation from unity of the first natural orbital 1 − n σ 1 (t) of the σ-species. Since we consider a single impurity n I 1 (t) = λ 1 (t) follows S V N BI (t). However, the bath fragmentation is almost zero in R I and R II and it is weak in R III . Therefore it is the entanglement between the impurity and the bath that plays the crucial role in the quasiparticle formation, e.g. see that the growth rate of S V N BI becomes maximal in R II , and not the fragmentation of the bath.
